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Prediction of Separated Transonic Wing Flows with
Nonequilibrium Algebraic Turbulence Model
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A nonequilibrium algebraic turbulence model, which is based on the turbulence closure scheme of Johnson and
King, is proposed to predict separated transonic wing flows. The influence of history effects are modeled by solving
a partial differential equation for the maximum Reynolds shear stress, which is then used to scale the eddy viscosity
of an algebraic model. The turbulence model is implemented in a three-dimensional, Reynolds-averaged Navier-
Stokes code. Comparisons with experimental data are presented which show clearly that the nonequilibrium type
of turbulence model is essential for accurate prediction of transonic separated flows.

Introduction

OMPUTATIONAL fluid dynamics is becoming an in-
creasingly powerful tool in the aerodynamic design of

aerospace vehicles as a result of improvements in numerical
algorithms as well as in the processing speed and storage
capacity of new generations of computers. However, many
key pacing items limit the effectiveness of engineering compu-
tational fluid dynamics. Chief among these is turbulence
modeling. Turbulent flows contain a very large range of
length and time scales for adequate representation on current
computers. Practical engineering calculations rely on phe-
nomenological modeling of turbulence. This paper focuses on
turbulence modeling in transonic flows.

Computations of two-dimensional transonic flows by solv-
ing the Reynolds-averaged Navier-Stokes equations revealed
deficiencies in the turbulence modeling.! Equilibrium turbu-
lence models, which assume that the turbulent shear stress
depends only on local properties of the mean flow, give poor
predictions for flows with strong shock-wave/boundary-layer
interaction. The shock positions are predicted too far aft, and
the pressure recovery is overpredicted. This is because the
eddy wviscosity does not account for the nonequilibrium be-
tween the turbulence and mean flow in the outer portions of
the viscous layers. The use of a two-equation turbulence
model, which does not use wall functions, increases computa-
tional costs and does not improve significantly the agreement
of computed results with experimental data.? This is mainly
due to the transport equation of the dissipation which is a
purely empirical equation developed by analogy with that for
turbulent kinetic energy. In principle, a good version of the
latter type of model would have a greater range of applicabil-
ity. In practice, the gap between performance and potential is
still large.
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Recently, Johnson and King® proposed a turbulence model
for two-dimensional flows, which was based on a different
philosophy from that used in developing the two-equation
turbulence model. Instead of devising a universal model, they
proposed a model for a specific class of flows which captures
the most essential features of the flow. Their model accounts
for history effects of the turbulence through an ordinary
differential equation for the maximum of Reynolds shear
stress. This maximum is then used to scale the eddy viscosity
of an algebraic model. The Johnson-King model was found to
perform well for transonic flows with strong viscous-inviscid
interaction.!

In this paper, the nonequilibrium model of Johnson and
King is extended to three-dimensional flows and is used to
predict separated transonic wing flows. This model is imple-
mented into a Reynolds-averaged Navier-Stokes code devel-
oped by Vatsa,* and Vatsa and Wedan,> which uses a
Jameson type of time-stepping scheme to obtain steady-state
solutions.

Governing Equations

High-Reynolds-number viscous flow over aerodynamic
shapes is represented by the unsteady Navier-Stokes equa-
tions. These are specialized to a body-fitted coordinate system
(&, 1,0 where &, n, and { represent the streamwise, normal,
and spanwise coordinates, respectively. For an isolated wing,
the n-coordinate lines are nearly orthogonal to the wing
surface. Since the dominant viscous effects for high-Reynolds-
number flows arise from viscous diffusion normal to the body
surface, a thin-layer assumption is employed here by retaining
the viscous diffusion terms only in the #n direction. ‘For a
stationary coordinate system, these equations can be written
in the conservative law form as

E(J*1U)+6—F+99+6—H—66”
ot o " on oL on
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where

pu
U=< pv (2)
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pit In the governing equations presented here, the effects of
pitu +E.p turbulence are incorporated through the concepts of eddy
F=J"'< piw+¢yp (3) viscosity and eddy conductivity. This is accomplished by
piw +&.p replacing the molecular viscosity g in the momentum equation
pit by an effective viscosity p,, as follows:
[ oo o=+ p, = p(l + p, Jp) = pe (17
pou +n.p
G=J"" < piv+n,p 4) Similarly, the molecular conductivity k in the energy equa-
pow +1.p tion is replaced by the effective conductivity k., such that
L PoH c c
_ k.=k+k =2pu+-2y,
pw 4 g,
pwu +{.p
H=J7 S w0+ L ) =&u<1+15‘—’>=&u5 (18)
pww +{.p 4 o,u) o
L PPH Here ¢ and o, represent the laminar and turbulent Prandtl
0 numbers, respectively. The details of the eddy-viscosity com-
putational procedure are presented in a later section.
\/"YMon UE ¢1 u, + nx¢2
Gy = Re. J ‘41;1“:;1 1”’{4’2 (6) Computational Algorithm
é,lz + 52,22 In the present work, a semidiscrete finite-volume, pseudo-
time-stepping scheme based on Jameson’s Runge-Kutta
where scheme,® 7 modified by Vatsa® and Vatsa and Wedan,® is used
for obtaining steady-state solutions to the governing equa-
=042 +n2 ) tions. A controlled amount of artificial dissipation is added to
oy suppress odd-even points decoupling and the oscillations in
¢r=15(n.u, + 1,0, +1.w,) ®) the vicinity of the shock waves and stagnation points. Al-
though the isotropic dissipation model originally proposed by
g =ut+0vi+w? 9 Jameson and co-workers®’ is adequate for inviscid Euler

() (2 \E
SRR

The contravariant velocity components used in Eqs. (3—6) are
defined as

d=lu+Ev+Ew (11
b= +n,0+n,w (12)
w=0u+lv+{w (13)

The transformation metrics are given by the following rela-
tions:
Cx =J(yr,z[ _yCzn) Cy =J(x'lz~f —x‘fzﬂ)

Ne =J(yeze —yezy) & =J0x, v — Xyy)

(14)
Cx =J(y5211 "‘qu:) ", =J(ny§ —xfyt)
&, =J(x,2, — Xp2;) §o = Jlxeyy = Xy¥e)
n, =J(xezp — X;2¢)
where J is the Jacobian of the transformation given by
I = XYz — e20) — VelXy2p — X 2,) + 206, Vg — Yo X;)
(15)

In the preceding set of equations, distances have been nondi-
mensionalized by a reference length L, taken to be the chord
of the wing; density, pressure, and viscosity by their respective
freestream values; and velocities by a reference velocity
Uper = Aoy [/ 7, where a,, is the freestream speed of sound; and
enthalpy by uZ,. For an ideal gas, the total enthalpy is then
given by the relation

2 2 2
pH =L )p + p[LFL LY (16)
y—1 2

equations, it is not very satisfactory for Navier-Stokes compu-
tations where highly stretched meshes are needed for accurate
resolution of thin viscous layers. In order to obtain accurate
numerical solutions on these highly stretched meshes, the
nonisotropic model proposed by Martinelli® is employed here.
In order to increase the efficiency of the numerical scheme
for obtaining steady-state solutions of the governing equa-
tions, a multigrid acceleration technique similar to the work
of Refs. 8—10 is employed in the present code. A five-stage
Runge-Kutta scheme with three evaluations of dissipation is
employed in order to provide a larger stability zone and good
damping properties for viscous flows (see e.g., Ref. 8). The
multigrid acceleration is implemented via a full multigrid
scheme employing V-cycles. The pertinent details related to
the multigrid strategy employed for the three-dimensional
Navier-Stokes equations are available in Ref. 11.

Turbulence Modeling

Algebraic turbulence models are not suitable for separated
flows, because these models assume that locally the turbulent
production and dissipation rates are in balance. To capture
the correct physics of separated flow, nonequilibrium effects
such as convection and diffusion of turbulence have to be
taken into account. For this purpose, Johnson and King?
proposed a new eddy viscosity model for two-dimensional
separated flows. An ordinary differential equation is used to
describe the development of the maximum turbulent shear
stress, in conjunction with an assumed eddy viscosity distribu-
tion which has the maximum turbulent shear stress as its
velocity scale. This model is extended to three-dimensional
flows, as discussed here.

In order to effect smooth transition between the inner and
outer eddy viscosity distribution, the turbulent eddy viscosity
u, in the Johnson-King formulation, which is supposed to be
isotropic, is assumed to have the functional form

U= #lo[l - CXP( —Hy /ﬂto)] (19)

The inner eddy viscosity u, is given by

Ma = pD*kNt,? (20)
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where 1, is the maximum Reynolds shear stress, N is the local
normal distance from the wall, x is the von Karman con-
stant = 0.4, and D is the damping factor given by

D =1—exp(—p,Nur/p,A") 2D

where, A+ =17 and u; is given by

Ur = max(Tm /pm7 Tw /Pw) (22)

where, t,, is the wall shear stress.
The Reynolds shear stress is assumed to be

T=uQlp (23)

where Q is the magnitude of the vorticity.

The 7,,, which is invariant to the coordinate system, is
obtained from the solution of a partial differential equation to
be given below.

The outer eddy viscosity is determined by using the Bald-
win-Lomax wake model,'? instead of the Clauser wake model
to avoid the necessity of finding the boundary-layer edge.

o = &pKCch?k (24)

where K is the Clauser constant=0.0168, C_. =1.6,
F,, = Npax Fax, and F,,, is determined from the function

F(N) = NQD (25

by locating the N value at which F(N) is a maximum. In the
separated region, the function F typically displays more than
one peak. To obtain an unambiguous value of Fy,,,, we select
the farthest peak away from the wall. Intermittency effects are
accounted for by the Klebanoff intermittency factor ;:

e =[1+5.5(N/0)~" (26)

The modeling parameter & provides the link between eddy
viscosity distribution of Eq. (19) and the rate equation for the
development of maximum Reynolds shear stress. By assuming
that the structural parameter q,, defined as the ratio of the
Reynolds shear stress to the turbulent kinetic energy at the
location of t,,, is constant, a partial differential equation for
the maximum Reynolds shear stress is derived from the
turbulent kinetic energy.'? In the Cartesian coordinate system,
this equation is given by

ot,, ar,, ot, ot
U Vv —Z+w, =
T tUn gtV t W

= 1= tnlmed) 2~ T3]~ a1 D,, 27)

m

A time-dependent form of this equation is considered in the
present paper so that the same algorithm, which is used for
solving the main governing equations, can be used to solve it.
Such a strategy is also useful for solving true time-dependent
flows. In the preceding equation, the subscript m denotes a
quantity evaluated at the location of the maximum Reynolds
shear stress. The dissipation length scale L, is specified as

L,, =min(0.4 N,,, 0.095) (28)
where 6 is the boundary layer thickness, which is equal to
1.9N,.\. The quantity 7,, ., is assumed to be determined from

the following equilibrium eddy viscosity distributions:

Hieq = Brogey

1— exp( - “Ii.cq/“'m.cq) l (29)
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= pD’kN )2, (30)

#li.eq
“to‘eq = pKCch))k (31)
The turbulent diffusion term D,, was modeled by Johnson'* as

Dm=CDt,3,’,2|1—a”2| (32)
4,[0.76 — N,,]

Values of 0.25 and 0.5 were used for a;, and Cj, respec-
tively. The diffusion term D, was found to have negligible
effect in regions where the parameter 6 was less than unity. In
the present work, the diffusion term D,, was used only in the
recovery regions.

Making the following change of variables

g=1,;'"? (33)
8eq = (Tmeq) ' (34
a linear equation is obtained:
og og og og
— + 7, W,—+I=0 35
5 T Ungy +Vm P + W+ (35)
where
CpL, |l =5
r= (& |- Colult =" (36)
2L, | \Zeq a,6(0.7—N,,/6)

Using Gauss’ theorem, Eq. (35) can be written:

0
—-Jgdv+U,,,f gnxds+me gn, ds
at v Sv v

+ W, gnzds+J I'dv=0 (37
dv

v

where v is the volume of a cell with a boundary év; and
n., n,, n, are the components of the outward normal vector to
the surface dv.

A cell-centered finite-volume discretization of Eq. (35) is
applied to each cell of the computational domain. A system of
ordinary differential equations in time is obtained which is
solved by the explicit five-stage Runge-Kutta time-stepping
scheme discussed earlier in the paper. The convergence is
accelerated to steady state by local time stepping.

Solutions based on this model are obtained as follows.
First, a steady-state solution is obtained by using the equi-
librium model (the parameter & was set up equal to unity).
Then the Johnson-King model is activated after 35 cycles. At
each time advance, two values of the maximum shear stress
are determined; one based on the maximum value of pu,Q
from Eq. (23) and the other 7,, based on the integration of
Eq. (35). These two are then used to update o at the next time
level according to the following relation:

= _; PmaxTm
G t4+de o.t (38)
(#D)max

Results and Discussion

The test case of turbulent flow over the ONERA M6 wing
at Mach number (M) of 0.84, angle of attack («) of 6.06 and
a Reynolds number (R,) of 11.7 x 10° based on the mean
aerodynamic chord and freestream conditions is used in the
present study. This test case has also been investigated in
previous studies*!* due to the availability of detailed experi-
mental surface pressure data.!® A c-o type of grid, shown
schematically in Fig. 1, is employed here. In this paper, the
effect of grid refinement on the computational results will be
presented in order to eliminate the concerns of inaccuracies
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Fig. 2 Effect of grid refinement on convergence history for ONERA
M6 wing (Baldwin-Lomax model: M = 0.84, « = 6.06 deg).

due to grid resolution. In addition, results obtained with
Baldwin-Lomax and Johnson-King turbulence models will be
shown in order to assess the effect of nonequilibrium terms in
the turbulence model.

Effect of Grid Refinement

During this phase of the investigation, the standard Bald-
win-Lomax model is employed. The first set of calculations
were performed on a medium-resolution grid containing
193 x 65 x 33 points in the streamwise, normal, and spanwise
directions, respectively. The distance to the first grid-point
away from the wall is 105 local chord lengths, resulting in
y* values between 3 and S for most part of the wing. Such a
mesh, with a total of 413,985 nodes, would be considered a
fine mesh for most existing codes due to the large computer
resources required for obtaining converged solutions. How-
ever, the availability of an efficient multigrid code!! makes it
feasible to compute such flows on much finer meshes in order
to study the effect of grid refinement.

The convergence history for this case, in terms of residual
of the continuity equation and number of supersonic points
(normalized by its final value), is shown as a function of work
units in Fig. 2a. A work unit here represents the equivalent of
a computational effort for one fine-mesh iteration, and is
regarded as a good representative of true computational work
in the multigrid context. It is observed from this figure that
the residual dropped by four orders in approximately 300
work units, which took approximately 1.6 h on a Cray 2
computer. It should be pointed out that the supersonic zone
and lift for this case converged in less than 200 work units.
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The computations were also performed on a finer grid consist-
ing of 289 x 65 x 49 mesh points, for a total of 920,465 node
points. This mesh was obtained by increasing the mesh resolu-
tion in the streamwise and spanwise directions by 50%. The
normal mesh resolution was kept the same, since the effect of
increasing normal mesh resolution on pressure distributions
was found to be minimal for this case. The resulting conver-
gence history on the fine mesh (289 x 65 x 49) is shown in
Fig. 2b. Again four orders of reduction in the residual are
obtained in about 300 work units, which required approxi-
mately 3 h of CPU time on a Cray 2 computer. It is noticed
that there is only a slight deterioration in the convergence rate
due to grid refinement.

The computed pressure distributions are compared with the
experimental data at four spanwise locations in Fig. 3. It is
observed that the effect of refining the grid on the computed
pressure distributions is only minor and localized. The grid-
refinement results mainly in sharper shocks and suction
peaks. The pressure correlation with the data is considered
poor, particularly in the outboard part of the wing. Similar
results using Baldwin-Lomax model have been reported previ-
ously in the literature for this case.*!> Based on the present
grid-refinement study, it is obvious that the disagreement with
the data is not due to the coarseness of the mesh. It is believed
that the use of an equilibrium type of turbulence model,
namely the Baldwin-Lomax model, results in the underpredic-
tion of the reverse flow region and hence the predicted shocks
are found to lie downstream of their experimental counter-
parts. This, in turn, results in overprediction of the pressure
behind the shock and a poor overall agreement with the data.

Effect of Turbulence Model

It was observed in the previous section that the standard
Baldwin-Lomax turbulence model is inadequate for accurate
prediction of the the transonic flow for the test case selected
here. In order to quantitatively assess the nonequilibrium
effects of the turbulence model, computations were repeated
for the fine mesh (289 x 65 x 49) using the Johnson-King
turbulence model described earlier in the paper. The conver-

o1 EXPERIMENT o EXPERIMENT
— 289X65X49 GRID _ - 289X65X49 GRID
-1.6 - 193X65X33 GRID -1.6 - 193X65X33 GRID

0 2 4 6 .8 1.0 "0 2 4 6 810
a) X/C b) X/C
o1 EXPERIMENT ot EXPERIMENT
— 289X65X49 GRID _ _. 2839X65X49 GRID
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~1.2f -1.2-
-8 s
—Ar -4
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Fig. 3 Effect of grid refinement on pressure distribution for ONERA
M6 wing (Baldwin-Lomax model: M = 0.84, « = 6.06 deg).
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5. The results obtained using the Baldwin-Lomax turbulence
model are also plotted in this figure for comparison. It is clear
from this figure that the nonequilibrium effects for this case
are very significant and the solutions obtained with the John-
son-King model are in excellent agreement with the data. The
predicted shock locations are much closer to the data and the
computed pressure distributions in the postshock region re-
produce the data very accurately, including the pressure
plateau region which was not observed in previous computa-
tions that employed the Baldwin-Lomax model.

The pressure contours for the upper surface of the wing
based on present calculations are compared in Fig. 6. From
this figure, it is observed that the shock position, particularly
in the outboard part of the wing, is predicted much further
upstream and is much stronger for the Johnson-King model
than for the Baldwin-Lomax model. This is because the
Johnson-King model produces lower values of eddy viscosity
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-4 -4
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O O
or ok
A Y
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L[R2 I I S S S S | 2Ll v 11
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Fig. 5 Effect of turbulence model on pressure contours for upper
surface of ONERA M6 wing (289 x 65 x49 grid, M_=0.84,
o = 6.06 deg).

gence history for this case is shown in Fig. 4. The solutions in
the full multigrid sequence were initiated with freestream
conditions on the 145 x 33 x 25 mesh, where the equilibrium
turbulence model was employed. The full nonequilibrium
model (& not equal to unity) was turned on after 35 cycles on
the 289 x 65 x 49 mesh. It is noted from this figure that the
convergence for this case is slower compared to the case
where the Baldwin-Lomax model was employed. It took
approximately 550 work units to obtain a reduction of four
orders in the residual, and the convergence of the supersonic
zone and lift showed similar deterioration. However, one
must realize that the degree of nonlinearity in the physical
problem has increased significantly due to the nonequilibrium
model of Johnson-King, which is more dynamic in nature.
This increased nonlinearity due to the coupling of ¢ and 1,
[see Egs. (27) and (32)] results in the slowdown of conver-
gence observed here. Similar observations in slowdown con-
vergence for more sophisticated and nonequilibrium type of
turbuleznce models have been reported by other researchers
also.!~

The computed pressure distributions using the Johnson-
King model are compared with the experimental data in Fig.

a) 193 x 65 x 33 Grid

b) 289 x 65 x 49 Grid

Fig. 6 Effect of turbulence model on pressure distributions for
ONERA M6 wing (289 x 65 x 49 grid, M, = 0.84, « =6.06 deg).

b) Johnson-King model

Fig. 7 Effect of turbulence model on streamline pattern for upper
surface of ONERA M6 wing (289 x 65 x 49 grid, M =084,
a = 6.06 deg; N —node point S—saddle point).
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in adverse pressure gradient regions. This results in a thicker
boundary layer and upstream movement of the shock, which
in turn produces a larger reverse flow region seen in Fig. 7,
where the surface streamline patterns for the upper surface
are shown for both the Baldwin-Lomax and the Johnson-
King models. It is readily observed that the extent of the
reverse flow zone predicted with the Johnson-King model is
much larger compared to the Baldwin-Lomax results, particu-
larly in the outboard part of the wing. The Baldwin-Lomax
results display a small streamwise reverse flow zone over most
of the wing, with a very simple topological structure. The
streamlines emanate along an attachment line and terminate
along a separation line. The Johnson-King results, by con-
trast, display a much more complex topology in the stream-
line pattern, particularly on the outboard sections. These
solutions indicate the presence of two regions of counter-ro-
tating flows, one emanating from and the other terminating in
a node (see Ref. 17 for these definitions). Two saddle points
are also seen in this figure. Although, there is no surface flow
visualization data available for the present test case, the
overall flow pattern (shown in Fig. 7), sometimes referred to
as a mushroom structure, has also been observed experimen-
tally under transonic conditions for flow over lifting wings.!®
Coupled with the excellent correlation that is obtained with
the pressure data, it is believed that these results represent a
significant step towards developing computational capability
for predicting three-dimensional transonic separated flows.

Concluding Remarks and Future Directions

The nonequilibrium algebraic model of Johnson and King
has been extended to three-dimensional flows. The proposed
model has been implemented in a three-dimensional Navier-
Stokes code. Solutions have been presented here for high-
Reynolds-number transonic flow over a transport wing. The
results presented here clearly indicate that nonequilibrium
effects have to be incorporated in the turbulence models for
accurate prediction of transonic flows in the presence of
reverse flow regions. Navier-Stokes solutions with the John-
son-King model compare very well with pressure data and the
resulting streamlines on the wing surface reproduce the mush-
room structure observed experimentally in other transonic
separated flows.

However, the present turbulence model cannot be consid-
ered entirely satisfactory for flows with strong crossflow ve-
locities. The Johnson-King model, like the two-equation
models, are not able to reproduce the anisotropy of eddy
viscosity. In fact, three-dimensional boundary-layer experi-
ments showed that the eddy viscosity is not isotropic. To
capture this effect of the three-dimensionality, Abid'® pro-
posed an anisotropic eddy viscosity model for three-dimen-
sional boundary layers which is based on the turbulence
closure of Johnson and King. A further refinement of the
nonisotropic model is needed before implementing it in a
three-dimensional Navier-Stokes code.
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